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AN INCOMPLETE LIPSCHITZ-HANKEL INTEGRAL OF Ko
PART II

INTRODUCTION

An incomplete Lipschitz-Hankel integral of cylindrical functions of order zero, C0 , may be *

defined by

Co(a, z) fo eoCo(t)dt

Of interest in applications are the functions Jeo(a, z), le0(a, z), N,0(a, z), and Ke(a, z) where J

denotes the Bessel function of the first kind, I denotes the modified Bessel function, N denotes the
Bessel function of the second kind or Neumann function, and K denotes the MacDonald function or
Bessel function of imaginary argument. Je0(a, z) and No(a, z) occur in problems in the theory of dif-

fraction in optical apparatus [1, p. 2271. The function leo(a, z) plays an important role in the study of

oscillating wings in supersonic flow and arises in the study of resonant absorption in media with finite
dimensions 11, p. 1951. K, 0(a, z) occurs when the statistical distribution of the maxima of a random

function is applied to the amplitude of a sine wave in order to calculate the distribution of its ordinate.
This latter distribution is of interest in the study of the scattered coherent reflected field from the sea
surface [2].

In this report we are interested in 4
Ko(a, z) E ea'Ko()dt

It is shown in Ref. 3 that Ke0 (a, z) can be represented in closed form in terms of elementary, Mac-
Donald, and Kampi de F~riet double hypergeometric functions when I a , a ;e I:

32 3 a2 z

Keo(a, z)- zK 1 (z L[ 1 , I 4 aM-, , a
)fz 2 2 2,j- 4 21 a~J 4.aI

fu 1 3 a2Z2 2  a3 z 5 -2 1l
+ zKo(z) L[ - " 2 2' 4 ' - - .2,' -l - 2 , a

1 2 2'2 4 ' 4 32 4

+ (I - a2)- 112 sin-'a (I)

Here, following the notation of Srivastava and Panda 14, p. 631 L and M are Kamp6 de F~riet func- . ,er

tions defined by % %
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ALLEN R. MILLER

20;01~ : - ; - ;LIa, 8; x, yA F 2 :0, 0, . _X, y Ixi <oo, lyl <

Mla,;v,; xy---F!:!;0 1: 8<

We remark that the exact region of convergence for Kampi de Firiet functions may be determined by
using Horn's theorem for double series.

Equation (1) can be used together with properties of L and M (see Ref. 3) to give the well-
known results

AQ(I, z) - z exp (z)IKo(z) + Kj(z)] - 1 (2)

K,0(-l, z) - z exp (-z)[K0 (z) - Kl(z)] + 1 (3)

Here the former result is known as King's Integral (1914).

DEFINITIONS AND PRELIMINARY RESULTS

It is the purpose of this report to give representations for K~o(a, z) that are valid in the finite

complex a-plane, i.e., to extend Eq. (1) outside the unit disk. To this end we define

0:2;11 - : , ; ; ]

Qla, 0 Y; t ,A, 'v ; x,yJ =F 2 :1; 0 ,0 : 1;_gxy Ixv < o, lyl <

and make the following observation:

Mla, 1; y, 8; ix, t- I + OF,[- 8; xl ( 2FL[a, 1" y; tl- 11
at x 2

at X 2 Q la + 1, i, 1; 8 + 2, 3, y + 1; Ix, x (4)
2-y8(8 + 1)

Proof

Ml, 1, y. 8. tx, t] (v).+, (I), mI ,""M-0.o o . (y).+. (8). m! n!

(a),(I), t,_ t I __

P (), p! = (_+ W k V

" + .'-. lrI, -8- A '!

P! (8) V

I O, 8, x I 2, a 1, v -y I t - P-- () (8a P' k

2
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Calling the latter double sum S we have

-_ (af),+1(1),+, tP+I x k

p-o k-p+2 (Y)p+i (8)k (p + )! k!

, o .o (a)+,(1)..+, tt xp+2+k

p-0 k-0 (P)+1 (8)p+2+k (p + 1)! (p + 2 + k)!

- .2 (c)P+I (I)(k (t)p Xk

- -O (Y)P+ (8)p+2+k (1)p+2+k p! k!

S atx 2 (a+l), (l)(l)k (tx)P x

2y(h + r1) p k-o (8 + 2 )p+k (3 )p+k (y + l)p p! k!
and the result is proved.

We observe from Eq. 4 that the behavior of M[a, 1; y, 8; tx, t] on I - ! is easily deduced
from that of 2F[a,l;y;t]. In particular we obtain from Eq. 4

3 a 2 2  a2z4 5 a
2z z2

MI, ; -,1; -- , a2] -1-9¥ Q12, 1, 1; 3, 3, -L- I
12' 4 96 ' ' '2' 4 '4

+ 10(z) Isina 1(5)

a 2Z2  a2 z 4  7 a 2Z z2

M12, 1; - 2, a Q[3, 1, 1; 4, 3,2 --4 240 2": 4 4

+ 2111(z) 3 sin-la 3 1 (6)
z 2 a 3 1 1 -- a a 2  2a2

Observing that

lim 8 Mia ,/P, y, 8-, x, y] - (a/y)x Mlat + 1,/;' + 1, 2-, x, y] .
A-0

80 F,[-; 8; x - 8 + x iF 211; 2, 8 + I; x

2F[a, I, y; t] -1 - (at/y)2Fj[a + 1, 1; y + 1; tI

S(v + 1) 1.(z) - (/2) OF,[-; v + ' z2141

we may use Eq. 4 to obtain

z3 Q[a + I, i, 1; 2, 3, y + 1; 1 - - 8121 1(z) - z)
4 '4

la2z
2  z 2

LI-Z, a + I Q[a+2, 1, I,4,3,y+2;---'4J (7)

This latter equation may also be obtained directly from the definition of Q.

3
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ALLEN R. MILLER

We shall also need the following generating relations:

f 'o (a). xM
L a,, .8; xyI - (. -W IF2[p; m + y, m + 8; y

0-0 (v). ()
- (a), (P) . Xmf

Q6o (X); () A mI IF 21y; m + A, m + v; y] (9)O~a .,/; . . x ]-0. (JA) . (V). 00), M!

Observe that L is a special case of Q, i.e.,

Q(a, A, p; y, 8, x; x, y] - L[a, p; y, ft; x, y]

which also follows from the definition of Q.

REPRESENTATIONS FOR K,0(a, z) AND RELATED INTEGRALS V

Using the result

K 0 (z)I,(z) + Kl(z)lo(z) - l/z

after substitution of Eqs. 5 and 6 into Eq. 1 we obtain e

K,0(a, z) - z Ko(z)A (a, z) + z K 1(z)B(a, z) + a (10)

where (on using Eq. 7)

.4(a, z) LI 1, 'i !. i! I2 +a' [3 1,1; 4,3 '2 , il + .- L(2 1 (z) -4z
2'2 '2' 4 4 720 2' 4 4 3

1 1 3 a~2  2  2 3 3  5 a 2  z 2  2%

- 2[2'I"222 4 41+ 2 ! ! 2'3 4 41'
j3a Z2 2 3 4  33, a2

2 2'2 4 '4 24 2 4 4B(a. :) :L[I7 .- ; - -1 4]+ - Q[2, 1, !.3, 3," -Oz ' z-4] -a

We observe that not only have the singularities at a - t I in Eq. I been removed, but Eq. 10 is valid

everywhere in the complex a-plane.

We may obtain a somewhat simpler representation for Ko(a, z) by using 15, p. 891

~M+1 m + I m +3 -.2f -,o(t) di - ' KO(z)IF1F, 2 -. '
fm+1 2 +2 44

+ o 2 KI(z) IF21' m + 3 m +3 .2
(m + )2 2 2 '4

which is valid for all nonnegative integers m. Since

K,(, fe ((~t a2" t2" KoW dt + a P"+ KOO)&d
0a. = ' K  di- ,To (20)! 1 (2n + ! K (

..
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NRL REPORT 9001

we obtain after a straightforward computation using Eqs. 8, 9, and 11

Ko(a, z) - z Ko(z) A (a, z) + z2KI(z) h(a, z) (12)

where

1 3 a2z2 z az 223 a2 z 2

2' 212' 4 1 2 ''2' 44

A(a, z) L[ , ], 1, A - + -4 Q'I, 1; 2, 2, 2 - 4 4
b~az)_L2'';2' 2' "44 4 '''+ Q[.II2'32 .]'4z

In addition we easily obtain from Eqs. 10 and 12

oa 1 3 -a 2Z2 Z2 1 3 -a2Z2

cos at Ko(t)dt - z Ko(z)L[ I; 1- + z2K(z) L I2'2 ' 2' 2' 4 2 2' 2 ' 4

Sf 224 5 -a2z2 2 
*sin at KO(t)d - a - azK(z) I + - Q[2, 1, 1; 3,3, -

f~z ''2' 4 '4

a3z 4  5 -a 2z2 z 2

24 K(z)Q[2, 1, 1; 2, 3 , 4 14

- Ko(z) Q[2, 1, 1; 1, 2,3, -a4 z2

2 0  '2' 4 '4

+(
2  1 2--a 

2z2  Z2
+ T K (z) Q [1, 1, 1; 2, 2, 1- 4

2 2 4 '4

REDUCTION FORMULA FOR Q[a, 1. 1; -y, 8, 3, x, x]

We may write

.o o- (1Y)m (I) (I)n , X(na).
Q[a, 1, 1; y, 8, f., x, xl -) V ---(8)m n--- iyp M!

#m mr

,,

[ ,¢ ,€ s. €, € - , : -. Z "" " -"" " ," ' " ""- ". ; ': " ' " , " . - - "- -- "- '- "- "- " " o . - , ".,0'



ALLEN R. MILLER

Then using [6, Eq. 7.1.1, p. 1511 the result

(). I I-0+a(a + 1)p
(P, - P + a C)

we easily obtain the reduction formula

Q ~a, 1,81; y, P; x, x - I - F2[l; Y, 8; A + 2F311, a + 1; y, x]
a-l +I a - +

In particular we have

Q[a - 1, 1, 1; a, 3, a - -1; x, x - (3 - 2a) ,F 2 [1; 3, a; x - 2(1 - a) lF 2[1; 3, a - -; x]2' 2

It is easy to verify that
x2 tF2[l; 3, a; A] - 2(a - M)a - 2) 1 OF , [ - ; a - 2 ; x A - 1

so that

Q[a - 1, 1, 1; a, 3, a - 1;x, x-

(a- 1)(2a - 3)

from which we obtain

Q[2,1,1;3, 3, 5 a -0 (13)
2" 4 4 a4

72 2 4 40 sinha 81(a)
Q[3,1,1;4, 3, --; E_1 _ 241+ 3 (14)24' 4 a4

We may obtain also

Q[1,1,1;1, 2,'1; 4' 4 (-- sinha- 11(a) (15)
3_2 4_ 4a

Qi, 1, 1; 2, 2, 2' 4 S 2  (cosha- 0 (a)) (16)
2  2  24

Q12, 1, 1; 2, 3, -; -4- 4 -- -(sinh a - 21,(a)) (17)
a

Equations 13-17 may be used with Eqs. 10 or 12 to obtain Eqs. 2 and 3.

ASYMPTOTIC FORMULAS FOR L, M, Q

A computation similar to the one employed in obtaining Eq. 4 gives

Q[a, 1, 1; ,, v, ; ix, x - 2FI[a, 1; X; t] IF2[l; A, P; x]

a. IMo W (a + ).+, (1).(1). (Ix)" r"
A - - (X + 1) m+ n 1 #) .( i) m m ! n !

6
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NRL REPORT 9001

From this we easily obtain

Q[a. V. ; s, . A; tx, x] - 2F,[a, 1; x; t] IF 2[ , 4, V]

a (a + 1)t.t + t') " 2 F3[11, a + I + n , + 1 + n, ;L, P; U ] (18)

Now using asymptotic expansions for ,F for 1zI -- and 0 < p < q developed by Meijer in 1946
15, p. 7-121 we obtain for a + 1, k + 1, A, v not a negative integer or zero

2F3 11, a + I + n; X + I + n, JA, v; t2x2/41 -,

Lr(x)r(MA)r(v) (x + )n (_2) P I + + C2+
2 aria)Ul/2) (a + I1),, LX~1 QX (~2

where

p - 3 /2 +a-A-AL-v, I -oox arg txl < v/ 2

Using this result with Eq. 18 while ignoring the subdominant terms

c.,(Lx)m - c.(a, A, jA. ., n),(tx)', m - 1, 2,3 ...

gives for 0 < lt < I , - J o larg rxl < ir/2
4,

2 2 2 2

Q I..~ IJA. P. A. X . I - :f a. I.AA. If I F211, i , V' -I
4 4 4 -

I l(A l'(vi l'(A) t2 e t/2 . ,
2 P12 () I - t2 -(t/2)

3 ' A

,nd 4% d o mi 1il-r% wt have 144 A - I

t 2 e" (Lx2)l ' *'
2 I (11'

2
H (a) - t2

We mda, jld, Ih-II • I ,,. u. >0..A > O.p- 3 / 2 +a-A- L -- .

%, 21 2Ax
2

QI.4 I I 4 , A 4 4 " .

+ I/2)1(A) I (tx/2)" cos (L +

and for k- I, p - 1/2 + aI s,

12X
2 

X
2  X

L[a, 1 A . 8. - 4 4 -I (I + t') 1 ,f2 11.A , V, I
4 4 4.5.

!'(I/ )'( )I+ t (t2 / 2 )" cos (tx + - p)

7
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ALLEN R. MILLER

In addition we have the following:

a2z 2 ) 1 r (y)r (8) ea (az/2) 1/2+a -y-
M6,/ P , 8; 4 a 2 r(1/2)r(a) (0 - a2)8

0 < lal < 1, IzI -" cc, larg azl < v/2

2Z 2 (az/2) 1/ 2+a - y- 8 cos [az + - + a - y -
Mt, 13 y, 8 -a 2z 2  a - r(y)r(8) 2 2

4 r(1/2)r(a) (1 + a 2)p

0 < a < 1, z-oo, a, /, y, 8> 0
".%

Although these relations per se may be of some interest, they are not particularly useful in obtain-
ing asymptotic expansions for, say, Ko(a, z). However, we may easily obtain, for example, the com-
plete Lipschitz-Hankel integral Ko(-a, cc) - cos-la/VI - a2, Re a > -1.

SUMMARY

Various representations for the incomplete Lipschitz-Hankel integral Ke0(a, z) and related
"*/*.,

integrals have been given in terms of elementary, cylindrical, and Kamp6 de Firiet functions. In addi-
tion some properties of the Kampk de Fdriet functions associated with these integrals are derived.
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